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CHAPTER I 
INTRODUCTION 
A beam column that is loaded through its center of gravity can 
buckle in three modes of failure, flexural buckling about its prin-
cipal axes, torsional buck 1 ing, or flexural torsional buck 1 ing. If 
the shear center does not coincide with the center of gravity and the 
cross section has no axis of symmetry, the column will buckle in flex-
ural torsional buckling. If the shear center and the center of 
gravity coincide, it will fail in pure torsional buckling or pure 
flexural buckling about one of its principal axes. 
The member behavior of angle sections is of special interest to 
the engineers involved in design and analysis of the transmission 
towers. The transmission towers are highly indeterminate and once a 
member reaches its critical load and it buckles, the loads are redis-
tributed in the tower. The buck led member wi 11 sustain some load 
equal to or less than the critical axial load. 
In the design of the transmission towers, two cone ep ts are 
used: The elastic strength and the ultimate strength concept. The 
elastic concept uses the yielding as the failure criteria; however, in 
the ultimate strength concept collapse is considered as the failure 
criteria. The behavior of the member in the elastic, inelastic, and 
post buckling is required in the ultimate strength concept. 
2 
The three differential equations describing the behavior of the 
beam columns are complex for routine use. These equations are fourth 
degree differential equations and can be solved by using a finite dif-
ference approach. 
It is necessary to deve lope an analytical technique that can 
treat the beam column in the elastic region. Using this solution 
package, an open form technique can be formulated to handle the in-
elastic and post buckling regions. 
The general differential equations are derived and presented in 
finite difference form. A computer model is developed to solve the 
simultaneous equations in the elastic region and predict the member 
behavior. The validity of the computer model is checked by solving 
general example problems using both the computer model and classical 
solution techniques. 
CHAPTER II 
REVIEW OF LITERATURE 
The behavior of the beam column in the elastic and inelastic 
regions of the symmetrical cross sections has been intensively 
investigated in the past. These investigations, due to the symmetry 
of the cross section, have been performed in only two dimension and 
the torsional effect has not been included. 
Galambos and Ketter (5) and Ketter, Kaminsky and Beedle (8) 
have done a great deal of work on wide flange members loaded as beam 
columns. Ellis (4) has performed some work on the plastic behavior of 
the compression members both analytical and experimental. Dwyer and 
Galambos (3) have reported a study of the plastic behavior of square 
tubes. The emphasis of this report was the comparison of the relative 
strength of the square tubes and wide flanges. 
Wagner ( 14) has investigated the combined effect of bending 
and axial load on round steel tubes in the elastic and inelastic 
regions using an open form solution. He has used Matlock's recursive 
technique for analyzing the beam column. This technique had been pre-
viously modified by others to perform inelastic beam column analysis. 
For example, Mueller (12) modified the technique for treating beam 
columns on non linear foundations. 
4 
Timoshinko and Gere ( 13) have derived the general beam column 
equations in three dimensions. Chajes, Fang and Winter (2) have sim-
plified these equations for the beam columns with one axis of syuunetry. 
The emphasis of their study is on axially loaded cold formed thin 
walled columns in elastic and inelastic regions. 
CHAPTER III 
COMPUTER MODEL 
This investigation directs itself to the study of a member sub-
jected to axial loads and bendings about the two principal axes. 
OVERVIEW 
The differential equations are derived and expanded into finite 
difference form. It is assumed that the member is divided into m 
increments. Therefore there are m+l real stations (including station 
zero) and six imaginary stations as illustrated in Figure 1. Each 
station has three possible displacements, two translations u and v, 
and one rotation /J. Hence there are 3(m+3) unknown displacements 
including stations -1 and +l and 3(m+3) equations. A computer program 
is developed to solve these simultaneous equations. A listing of the 
computer program is available in Appendix C. 
The beam column method that is presented here can conveniently 
handle a wide range of support and loading conditions and also takes 
into account the P-Delta amplification in bending moment. The cross 
sectional properties of the member can vary along its length in any 
conceivable configuration and the center of gravity does not neces-
sarily have to coincide with the shear center. The line which goes 
through the shear center of the member is taken as the z axis (See 
Figure 1). 
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7 
RECURSIVE SOLUTION FOR AN ELASTIC BEAM COLUMN 
A recursive solution technique first used by Matlock to solve 
beam columns with one translational degree of freedom is employed for 
solving the simultaneous equations. After the three equations are 
defined in finite difference form and applied to each station, two 
passes are performed on the member. The first pass, from left to 
right, three coefficients are calculated for each station which are 
functions of the parameters at the two previous stations. On the 
return pass, from right to left, the deflections at each station are 
computed by using the calculated coefficients of that station and the 
deflections at the two preceding stations. This technique is expanded 
in the following discussion. 
The following assumptions are made in this method of beam 
column analysis: 
a. Hook's Law is valid 
b. Plane sections before bending remain plane after bending 
c. Deflections and rotations are small 
d. Loads are applied in the plane of the vertical and hori-
zontal axes of the member and through the center of gravity 
of the cross section 
The following discussion is divided into five major sections: 
1. Derivation of the equilibrium equations 
2. Recursive solution of the beam column 
3. Starting and reversing the recursion process 
4. Specifying desired deflections 
5. Buckling and instability of the beam column 
8 
1. Derivation of the Equilibrium Equations 
A beam column is considered with the general load and support 
configuration In Figure 1. The most general type of displacement 
possible for this member consists of bending about the principal axes 
and twisting about the z axis through the shear center. The cross 
section of this member, Figure 2, undergoes trnaslations u and v in 
the x and y directions and a rotation ~ about the shear center. An 
infintesimal increment of this member is considered in two planes yz 
and xz, Figures 3 and 4, and in three dimension xyz, Figure S. All 
quantities in Figures 3, 4, and S are positive as shown and are 
defined as follows: 
Symbol 
p 
Description 
Axial load on cross section through the 
center of gravity 
Bending moment on cross section about x axis 
Bending moment on cross section about y axis 
Total shear on cross section in x direction 
Total shear on cross section in y direction 
Transverse load in x direction through the 
center of gravity 
Transverse load in y direction through the 
center of gravity 
Externally applied moment about x axis 
Externally applied moment about y axis 
Torque on beam column about z axis 
Torque per unit length of the beam column 
about the z axis 
Dimension 
F 
F.L 
F.L 
F 
F 
F/L 
F/L 
F.L/L 
F.L/L 
F.L 
F.L/L 
y 
s ear 
center 
Xo 
+entroid 
Yo 
u 
Figure 2 Displacement of the cross section 
9 
It should be noted that t and x t are y assumed 
10 
to be 
uniformly distributed over dz increment, and the cross section is 
constant for each increment. Consider this element in the yz plane. 
Since the element is in equilibrium, the moment at point A about the x 
axis is zero, i.e, 
2 
{ dM ) Pd V d dz + d = 0 Mx - Mx + x + y + y z + qy ~ tx z {3.1) 
or 
dz 2 
- dM + Pdy + V dz + q ~ + t dz = 0 
x y y 2 x 
(3.2) 
Neglecting the second order differentials and oividing Eq. (3.2) by dz 
results in: 
dM 
~= v dz y + t x + p~ dz 
The vertical deflection of center of gravity, y, 
(See App. D), therefore dy = dv - x d~. 
0 
(3.3) 
is equal to v - x ~ 
0 
Replacing dy in Eq. {3.3) and taking the derivative of Eq. 
{3.3) once with respect to z gives: 
d2M dV 
__ x - _J_ + ~( t + p dv Px d,tJ) 
dz2 - dz dz x dz - o dz (3.4) 
When considering the equilibrium of the vertical forces on the 
element in the y direction, 
{3.SA) 
11 
Mx+dMx 
A P+dP 
Vy+d~dy 
z 
I- dz . I 
Figure 3 Inf intesimal beam increment in the yz plane 
yields: 
dV 
_.:J_ = q 
dz y 
dV 
substituting: -d- = qy into Eq. (3.4) gives: 
.5!_(t + P dv 
qy + dz x dz 
Px d~) 
o dz 
The left side of Eq. (3.6) in finite difference form is: 
d2M 
__ x = L
2
(Mi-l - 2M + M ) 
. . 1 
dz2 h 1 i.+ 
12 
(3. SB) 
(3. 6) 
(3. 7) 
Where i is the number defining the start and end of a particular 
finite increment. The member is divided into m equal finite incre-
ments and the length of each increment is equal to h. The value i 
will hereafter be referred to as the station or station number. 
The differential equation of the deflected elastic beam from 
the strength of materials is: 
M 
x 
(3.8) 
F is the flexural stiffness of the member in the y direction 
x 
(EI ) and 
x 
is the curvature in the 
finite difference form at station i is: 
M 
x. 
]. 
y direction. Eq. (3.8) in the 
(3.9A) 
Applying Eq. (3.9) at station i-1 and i+l gives, 
M 
x. 1 i-
1 
= F (v. 2 - 2v 1._1 + v.) --2 xi-1 i- l h 
Substituting Mi-1, Mi and Mi+l in Eq. (3.7) results in: 
13 
(3.9B) 
(3. 9C) 
d2M 
x - .l..[F 2( ) ( 4 ) ~-2- - 4 v. 2 - F +F v. l + F + F + F v. dz h xi+l i+ xi+l xi i+ xi+l xi xi-1 1 
- 2(F 
x. 
l 
(3.10) 
Assuming and F are each 
xi+l 
constant through the length 
of their respective increments i-1, i and i+l. Eq. (3.10) represents 
the left side of Eq. (3.6) in finite difference form. 
Now consider the right side of Eq. (3.6) and write the differ-
ential inside the bracket in finite difference form: 
d2M ~ d 
X d l.'+l - F1·-1 
- + - [t p ( ) p ( ) 1 ~-2- - q d + . v. 1 - v. l - .x 2 dz Yi z xi 1 l.+ l.- l. oi h (3.11) 
or 
P.x l. 0. 
2h l. p i-11 
(3 .12) 
The whole right side in finite difference form is: 
d 2M p p 
. 1 . 1 
x - + 1 [(t - t ) + ( l.+ v l.+ v ) 
-- - q - -Y-h i+2 - 211 i dz2 Yi Zh xi+l xi-1 
P. x l.+ 1 0. 1 i+ ti. 
2h pi) 
+ 
P. 1x l.- oi-1 
2h ~i -
1 Removing a factor of--- and collecting terms give: 
h4 
2 2 2 2 h P. l 
- ( l.+ + 
h P. l h P. l l.- l.-
4 )vi + 4 
h P. l l.+ m 
vl..-2 - -4-- X P· 2 + 4 o. 1 l.+ i+ 
2 2 2 h P. l h P. l h P. l i+ l.- d l.-(--- x + x )F. - x jL 21 4 oi+l 4 oi-l l. 4 oi-l l.-
14 
(3.13) 
(3.14) 
Equation (3.14) is the right side of Eq.(3.6). After combining the two 
Equations (3.10) and (3.14), the following equation results: 
+ 
PH. 1+ PH. 1)v. - 2(F + F )v. l + (F - PH. 1)v. 2 l.- l.+ l. xi xi+l l.+ xi+l l.+ l.+ + 
(PH . l x ) fl . 2 + (PH . l l.- oi-l l.- l.- x + PH . 1 x ) I· + 0 i-l 1+ 0 i+l 1 
(PH.+l x )~. 2 = l. o. 1'/"'1+ l.+ Qyy. + T l. xi+l 
- T 
x. 1 l.-
(3.15) 
15 
in which: 
PH. = i h2Pi 
1. 
Qyy. = h4 (3.16) qy. 
1. 1. 
T 1 h3 = 
- t x. 2 x. 
1. 1. 
Equation (3.15) is one of the three equations for the deflected 
shape of the beam column in finite difference form. It represents the 
deflection of the shear center in the y direction. 
In Figure 4, the moment about the y axis at Point A is also 
zero, i.e., 
(3.17) 
Neglecting higher order differential and dividing Eq. (3.17) by dz 
results in: 
dM dx 
_:J..=V -t +P dz x y dz 
(3.18A) 
The deflection of the center of gravity in the x direction is u + y fl 
0 
(see App. D). Thus: 
dx = du + y d/J 
0 
(3.18B) 
Substituting dx into Eq. (3.18) and taking the derivative once with 
respect to z gives: 
- _t y--
Infintes· imal beam . increment . in the xz pl ane 
16 
17 
d2M dV 
_J_ = x + ~(-t + p du + Py d~) 
dz2 dz dz y dz o dz 
(3.19A) 
The equilibrium of the forces in the x direction in Figure 4 gives: 
(3.19B) 
dV 
Replacing dzx by qx in Eq. (3.19A) results in: 
--L'1 
<-&+ p du + Py d,0) dz o dz (3.20) 
Equation (3.20) is similar to Eq._ (3.6). However, they are in 
two different directions, x and y. It should be noted that Px d~ 
o dz in 
Eq. (3.6) has a negative sign and P y ddJf has a positive sign in Eq. 
0 z 
(3.20). As the cross section translates and rotates about shear 
center, the new location of the center of gravity in the x and y direc-
t ions becomes u-y cJ and v+x
0
J/ (see App. D). The sign difference 
in the above expressions is reflected in Equations (3.6) and (3.20) by 
( - Px dJ/) 
o dz and ( + Py ~d ). 0 z 
Performing the same operation for Eq. (3.20) as was done in Eq. 
(3.6) gives the following equation in finite difference form. This is 
the second equation for the deflected shape of the general beam column 
of Figure (3.1). 
18 
+ PH. 
1
+ PH. 1)u. - 2(F + F )u.+l + (F - PH 1.+ 1)u1.+2 i.- i+ i Yi Yi+l i Yi+l 
- (PH. l y )j1. 2 + (PH. l y + PH. l y )~. l.- oi-l l.- l.- oi-l i+ oi+l l. 
Q + T xx. y 
l. i-1 
(3.21) 
in which: 
Qxx. = h4 
(3. 22) 
qx. 
l. l. 
T = l h3t y. 2 y. 
1. l 
Equation (3.21) represents the deflection of the shear center in the x 
direction in finite difference form. 
Now consider equilibrium about the z axis through the shear 
center as in Figure 5, i.e., 
- M + (M + dM ) + (m )dz + (q dz)x - (q dz)y = 0 
z z z z y 0 x 0 
or 
dM + (m )dz + (q dz)x - (q dz)y = 0 
z z y 0 x 0 
dividing Eq. (3.24) by dz results in: 
or 
dM 
z ~- + m + q x - qx Yo = 0 dz z y o 
(3.23) 
(3. 24) 
(3.25A) 
(3.25B) 
19 
Figure 5 Inf intesimal beam increment in three dimensions 
20 
The torque, M , 
z 
is resisted by a combination of shearing 
stress due to pure torsion and by the warping torsion. In differential 
form, M for non-uniform torsion is: 
z 
M 
z 
dO d 3~ 
=C--K:::.....i:..3 dz dz 
(3.26) 
Equation (3.26) applies to any bar of thin walled open cross section. 
The first term of Eq. (3.26) represents the resistance of the section 
to twist and the second term the resistance to warping. As pointed 
out by McGuire (11), it is important to keep 1n mind that the second 
term is caused not by the warping of the member, but by its resistance 
to warp. If the member is al lowed to warp, the second terms of Eq. 
(3.26) will become zero. 
In Eq. (3.26), C is the torsional rigidity of the cross section 
which can be represented as GJ. G is the shearing modulus of elasti-
city and J is the torsion constant. The constant K is called the 
warping rigidity and can be expressed as EC • E is the modulus of 
w 
elasticity and C is the warping constant. 
w 
The second term in Eq. (3.25), mz, denotes the torque per 
unit length of the bar due to the axial load on slightly rotated cross 
sections and it equals to: 
m 
z 
(3.27). 
in which I is the polar moment of inertia about the shear center 
0 
and is equal to Timoshenko and Gere (13) 
21 
present the derivation of M and m • It should be emphasized that 
z z 
Timoshenko (13) uses positive sign convention for compressive load and 
here positive sign is used for tensile force. 
Writing Eq. (3.26) in finite difference form for half 
increments: 
M = 
z. 
1. 
where 
Ci+ 1 + C. 1 K. 1 + K. 1 
2 1- 2 <t1. 1 - ~. 1) - _1+_2 __ 1_-_2 
2h 1+ 2 1- 2 2h 
(3.28) 
(3.29) 
dM 
z ~ in finite difference form for half increments is: 
M - M 
dM z. 1 z. 1 1+ - 1- -
z 2 2 --- = ____________ __..;;;. 
dz h (3.30) 
The right side of Eq. (3.30) can be determined from Eq. (3.28). 
Mz. 1 and Mz. 1 are: 
i.+ 1- -2 2 
M 
z. 1 
i.+ 2 
(3.31) 
C. + C. l K. + K. l 
1. 1- " 1. 1- " 
Mz. 1 = 2h (pi - ;i-1) -
2
h3 (pi+l 
1- 2 
3". + 4,0 . 1 - ". 2 ) 
'Pl. 1- l'i.-
22 
substituting M 1 and M 1 from Eq. (3.31) into Eq. (3.30) yields: z. z. i.+ - i.- -2 2 
dM 1 Ki..-1 1 Ki.. 3 K. 1 K. 1 K. 1 1 C. 1 1 C. 
z [ ( ),./ (- _i.- + 2 l. i.+ 1- + l.)rJ 
--- - - -- + - - ,,. + 2 h4 4 + 2 -4- + 2 -2- 2 2 11 i-l dz 2 h4 2 h4 i.-2 h h h h 
3 K. Ki.. 3 Ki.·+1 1 ci.·-1 ci.. 1 ci+l 
-
(- i.-1 + 3 + )" + 
-+---+---+- ---,, 
2 h4 h4 2 h4 2 h2 h2 2 h2 i 
1 K. 1 K. 3 K. 1 1 C. + (- _.!,:__ + 2 __! + - __.!!__ + - __! + 
2 h4 h4 2 h4 2 h2 
mz in finite difference form is: 
c. 1 __.!!__)~ 2 i+l 
h 
I }1. l - 2}1. + }1. l v. l - 2v. + v. l 
m =(Ao). P.( i.+ 21. i.-) - P. x ( i.+ l i.-) 
zi 1 1 h 1 0 i h2 
u - 2u. + u. 1 ( i+l l. i.- ) + P. y 2 1 0 i h 
(3.32) 
(3.33) 
Multipling both sides of Eq. (3.25B) by 
dM 
h4 and replacing dzz and mz as 
defined in Eq. (3.32) and (3.33), gives the following finite difference 
form: 
- PY. u. l + 2PY. u. - PY. u. l +PX. v. l - 2PX. v. +PX. v. l + 
l. 1- l l. l. i.+ l. 1- l l l. l+ 
(KA. l + KA.)". 2 - (3KA. 1+ 4KA. + KA. l + CA. l + CA. + PR. )d. l 1- l. ~i.- 1- l. i+ 1- 1. 1 Pi-
+ (3KA. l + 6KA. + 3KA. l + CA. l + 2CA. + CA. l + 2PR. )°' .-i.- l. 1+ 1- 1 1+ 1 Pi. 
where 
(KA. l + 4KA. + 3KA.+l +CA. +CA. l + PR.)j1. l 1- 1 1 1 1+ 1 1+ 
PX. 1 
PY. 1 
PR. 1 
CA. 1 
KA. 1 
2 
= h P.x 
oi 1 
2 
= h P.y . 1 01 
2 1o 
= h (A).P. 1 1 
h2 
= 2 Ci 
K. 1 
= 2 
= h4q y 
x. o. 
1 1 
23 
(3.34) 
(3. 35) 
Equation (3.34) is the third equilibrium equation for the elastic beam 
column of Figure 1. This represents the rotation of the member about 
the z axis. 
The three equilibrium equations (3.15), (3.21) and (3.34) can 
be written in a matrix form as follows: 
AA. W. 2 + BB. W. l + CC. W. + DD. W. l + EE. w. 2 = GG. 1 1- 1 1- 1 1 1 1+ 1 1+ 1 (3. 36) 
where 
AA.= 
l. 
BB.= 1 
cc.= 
1 
DD.= 
1. 
(F - PH. 1 ) 0 yi-1 1-
0 (F 
xi-1 
- PH. l) 1-
0 0 
-2(F + F ) 0 
Yi-1 y. l. 
0 -2(F + F ) 
xi-1 x. 1 
-P y. 1 
(F + 4F + F 
yi-1 Yi Yi+l 
+ PH. 1+ PH. l) i- i+ 
-2(F y. 
1 
0 
2P 
Y· 1 
+ F ) 
Yi+l 
0 
-Py. 
1. 
-2(F 
x. 
1 
p 
x. 1 
0 
0 
-2P 
x. 
1. 
+ F ) 
Px. 
1 
xi+l 
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-(PH. l y ) 1- o. 1 l.-
(PH. l x ) ( 3. 37) 1- 0 i-l 
(KA. 1 + KA.) 1- 1 
0 
0 
-(3KA. l + 4KA. + KA. l + 1- 1 1+ 
CA. l + CA. + PR.) 
1- 1 l 
(3KA. 1+ 6KA.+ 3KA. 1+ 1- 1 1+ 
CA. 1+ 2CA.+ CA. 1+ 1- 1 1+ 
2PR.) 
l 
0 
0 
-(KA. l + 4KA. + 3KA. l + 1- 1 1+ 
CA. +CA. l +PR.) 
1 i+ l 
25 
(F 
- PHi+l) 0 -(PHi+ 1 y ) 
y i+l 0. 1 i.+ 
EE.= 0 (F 
- PHi+l) (PHi+l x ) (3.37) 1. xi+l 0 i+l 
0 0 (KA. 
1. 
+ KA. 1) 1+ 
Qxx. + T - T 
1. yi-1 Yi+l 
GG.= Q 
- T + T 1. yyi xi-1 xi+l 
Q - Qx. y. 
1. 1. 
u. 
1. 
w. = v. 
1 1 
/1. l 
Equations (3.16), (3.22) and (3.35) define the terms of the 
above matrices. Coefficients AA, BB, CC, DD and EE in Eq. (3.37) are 
3x3 matrices and they are functions of the sectional properties of the 
beam column and the applied axial loads. Coefficient GG is a 3xl 
matrix and it is a function of the applied loads. W is also a 3xl 
matrix and it represents the deflection of the beam column, two trans-
lations u and v, and one rotation~' at a particular station i. 
In matrix structural analysis, the coefficients AA, BB, CC, DD 
and EE make up the stiffness matrix for the structure with a band 
width of five and the coefficients GG make up the load matrix. 
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2. SOLUTION OF THE BEAM COLUMN EQUATIONS 
Assume the beam column is divided into m increments of length h 
and designate the increment points as stations. Let the left end of 
the beam column be station zero and the right end be station m. At 
each station i, the general beam column equation (3.36) can be applied 
(the cross sectional properties at each station is taken as the average 
of the distribution which exists on the beam column). Therefore there 
is a system of simultaneous equations whose solution gives the de-
fleeted shape of the beam column. 
In order to solve these equations, Matlock (10) suggests a back 
and forth recursive process which is presented here. This technique 
was conceived by Tucher* who felt that by using "partitioned" matrices, 
a matrix of five diagonal sub-matrices could be solved in a recursive 
technique analogous to Matlock's method of solving beams and columns. 
A similar technique has been used by Hudson and Stelzer (7) for slabs 
on foundation. 
Assume that the deflection of the beam column at a given sta-
tion can be expressed as a linear function of the deflection at the 
two following stations, i.e., 
W. =A. + B. W. l + C. W. 2 1 1 1 1+ 1 1+ (3.38) 
where A, B, and C are constants to be determined. Coefficients B and 
C are 3x3 matrices and coefficient A is 3xl matrix. Applying Equation 
(3.38) to stations i-1 and i-2 results in: 
*Tucher, Richard L., personal communication to Hudson Matlock concer-
ning a technique for solving large, sparsely populated matrices, June 
15, 1965. 
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(3.39) 
W. 2 =A. 2 + B. 2 W. l + C. 2 W. l.- l.- l.- l.- l.- 1 
(3.40) 
substituting Eq. (3.39) and (3.40) in Eq. (3.38) gives 
W. = A. + B. W. l + C. W. z 
1 1 1 l.+ l. l.+ 
(3.41) 
where 
A. 1 (E. A. 1 + AA. A. 2 - GG.) = l. D. 1 l.- 1 l.- l. 
l. 
B. = 1 (E. c. 1 + DD.) l. D. 1 l.- l. (3.42A) 
l. 
1 c. = - - (EE.) 
1 D. l. 
l. 
in which 
D. = CC. + E. B. l +AA. C. 2 l. 1 1 l.- l. l.-
E. = AA. B. 2 + BB. 1 l. 1- 1 (3.42B) 
Therefore, it is seen that the assumptions of Eq. (3.38) and (3.39) 
are correct. It should be noted that B., c., D. and E. are 
l. l. 1 l. 
all 3x3 matrices and A. is 3xl matrix. 
1 
According to Eq. (3.42A) and (3.42B), constants A., B. and 
1 l. 
c., the continuity coefficients, are functions of these same three 
l. 
constants at two previous stations i-2 and i-1 and the known coeffi-
cients AA-GG at station i. The recursive technique is performed in 
two passes. This is done by moving along the member from the left end 
and calculating A., B. and C. at each station on the first pass. 
l. l. l. 
Then de flee tion W. 
l. 
is calculated by substituting w. 1 l.+ and w. 2 l. + 
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into Eq. (3.41) on the return pass (Fig. 1). 
Haliburton (6) considers this as a special form of the Gaussian 
elimination in which on the first pass, for all stations i, deflec-
tions W. 2 and W. 1 , to the left of the main diagonal, are elimi-1- 1-
nated. This is called triangularizing the matrix. Therefore, the band 
width of five becomes three. On the return pass the deflections are 
calculated by back substitution. The resulting W's are the deflection 
of the member in x and y and the rotation ~ about the z axis. 
3. STARTING AND REVERSING THE RECURSIVE PROCESS 
In order to start the recursive process at station zero, the 
values of A, B and C at two previous stations are required. It is 
assumed that there are three immaginary stations preceeding station 
zero and three imaginary stations beyond station m. The imaginary 
stations have no stiffness and no load or restraints (Figure 1). 
Assume the beam column is free to warp (KA. = 0). Therefore, 
1 
according to Eq. (3.37), at station -1, AA_1 = 0 and BB_1 = O. 
Values A_1 , B_1 and c_1 can be calculated by Eq. (3.42A) and 
(3.42B) at imaginary station -1, i.e., 
E_l = (0) B_3 + 0 = 0 
D_l = [CC + (0) B + <o> c_31 = cc_1 -1 -2 
c_l = -[CC_l]-1 [EE_1] (3.43) 
B_l = [-cc_1l-1 [(0) c_2 + DD ] = -[cc_1l-1 [DD_1 J -1 
A_l = [-cc_1l-1 [(0) A_2 + (0) A_3 - GG_ 1] = - [CC_1J-l [GG_1] 
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The values of A0 , B0 and c0 at station zero can be com-
puted without any knowledge of A_2 , B_2 and c_2 • Looking at Eq. 
(3.42A) and Eq. (3.42B) reveals that A_2 , B_2 and c_2 are multi-
plied by AA0 which is zero at station zero according to Eq. (3.37). 
Values A., B. and C. can be determined by starting at station 
1. 1. 1. 
zero and proceeding down the beam column to station m+l. Station -1 
was choosen as a starting point because nothing before it affects the 
beam as discussed above. Likewise, nothing beyond station m+l affects 
the beam column. This becomes evident in the following explanation. 
On the return pass, the deflection at station m+l is computed 
first without any knowledge about the deflections at stations m+2 and 
m+3, i.e., 
W = A + B W + C W 
m+l m+l m+l ~2 m+l ~3 
Coefficient EE is equal to zero at station m. 
m 
(3.44) 
Therefore, 
value c which 
m 
is equal to -EE /D becomes 
m m 
zero. Since at sta-
tion m, C = 0 and at station m+l, 
m DDm+ 1 and EEm+ 1 are equal to 
zero, the values Cm+l and Bm+l also become zero, i.e., 
c = 1 (0) 0 = m+l Dm+l 
B 1 (0) + (0)] = - - [E = 0 m+l Dm+l m+l 
Therefore, Eq. (3.44) becomes: 
w 
m+l = Am+l + (O) Wm+2 + (O) Wm+3 = Am+l 
(3.45) 
(3.46) 
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Since C is zero, the deflection at station m can also be 
m 
calculated without wm+2 ' i.e.' 
(3.47) 
Therefore, deflections can be computed on the return pass by Eq. (3.41) 
starting at station m+l. 
The primary purpose of this investigation was its application 
to angle section in which the resistance to warping is very close to 
zero. However, in order to be able to start the recursive process and 
to reverse it for a section in which warping constant is specified, the 
following changes in Eq. (3.37) are suggested: 
AA. (3,3) = 2KA. l 1 i-
BB. (3,3) = - (3KA~-l + SKA. + CA. l +CA. +PR.) 
1 .&. 1 1- 1 1 
EEi (3,3) = 2KAi+l 
4. SPECIFYING DESIRED DEFLECTIONS 
The deflection of a beam column is usually known at one or more 
points along the member. For example, the deflection at each end of a 
simple beam is zero or perhaps the settlement of one or more supports 
of a continuous beam is known. These conditions need to be introduced 
into the recursive solution. 
Eq. (3.41) is repeated here for convenience. 
W. =A'. + B'. W. + C'. W. 2 * 1 1 1 1+1 1 1+ (3.48) 
*Primes are used to designate specially determined coefficients. 
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In order to specify the deflection at some point on the beam column, 
say at station i, A'. should be set equal to desired deflection and 
l 
I I 1 • B . and C . equa to zero, i.e.: 
1 1 
W. =A'.+ (0) W. l + (0) W. 2 l. l. l.+ l.+ (3 .49) 
The coefficients must be set at the special value before one 
proceeds to calculate the coefficients for the following stations. 
This is necessary because the coefficients at the following stations 
are functions of preceding ones. 
There are three types of deflection at a station that may be 
specified. Each should be treated separately. For example, assume 
the deflection at station i is specified in the x direction only. In 
this case A' . ( 1, 1) which pertains to the x direction is set equal to 
l 
the specified deflection and the respective rows of B' . and C ' . 
l. 1. 
matrices are set equal to zero, i.e., 
B' .(1,1) = B' .(1,2) = B' .(1,3) = 0 
l 1. 1. 
(3.50) 
C' .(1,1) = C' .(1,2) = C' .(1,3) = 0 
1. 1. l 
The same is true for the spec if ied y and 0 deflections. For 
example, for specified y deflection the second rows of B'. and C'. 
1. 1. 
are set equal to zero and A'. (2, 1) is set equal to desired y deflec-
1. 
tion. Now, if all three deflections at station i are specified, all 
terms of B and C matrices become zero. 
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5. BUCKLING AND INSTABILITY OF THE BEAM COLUMNS. 
A major concern of this study was the determination of the 
elastic buckling of a beam column. The analysis of a beam column, 
using the recursive technique, for load values up to and beyond the 
buckling load indicates a point of discontinuity at the buckling load 
value. If a load-deflection curve is plotted based on calculated 
values, using the derived recursive solution, one obtains a curve 
similar to Figure 6. At instability a sudden change in the sign of 
the deflection occurs. This is one possible indication of the 
buckling. However, it is necessary to have a more fundamental defini-
tion. To achieve this, the equations used in the beam column analysis 
are repeated and examined. 
and 
or 
where 
The two basic recursive equations are: 
AA.W. 2 + BB.W. l + CC.W. + DD.W. l + EE.W. 2 = GG. l. 1- l. i- l l l i+ l i+ l 
W. = A. + B.W. l + C.W. 2 l l l i+ l i+ 
W. - B.W. l - C.W. 2 = A. l l i+ l i+ l 
A. 
l 
1 
= - - (E. A. l +AA. A. 2 - GG.) D. l i- i i- l 
B. = -
l 
l 
1 
-D (E. C. l +DD.) 
. 1 i- l 
l 
1 C. = - - (EE.) 
l D. l 
l. 
(3.51) 
(3.52) 
(3.53) 
(3.54A) 
p 
.05 k 
:? 
.OS k 
Deflection 
Figure 6 Load vs. lateral deflection 
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Per. 
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in which 
D. = CC. + E. B. l + AA. C. 2 1 1 1 1- 1 1- (3.54B) 
E. =AA. B. 2 + BB. 1 1 1- 1 
If equation (3.51) is repeated for each station i along the 
beam column and written in matrix form, the coefficients AA, BB, CC, 
DD and EE will make up a stiffness matrix with a band width of five. 
In the preceding sections, it was demonstrated that the recur-
sive method is a special case of the Guassian elimination method. 
Therefore, the check for stability used in classical matrix method may 
be applied. 
In classical matrix analysis, it is required that the stiffness 
matrix be positive definite in order to have stability (9). Mathema-
tically, this condition exists if all terms on the diagonal of the 
stiffness matrix are positive after elimination (9). Therefore, if a 
zero or negative term appears as a diagonal element of the stiffness 
matrix after the elimination process, the structural system is unstable 
or buckling has occured. It should be noted that -1/D. is the nega-
1 
tive reciprocal of the diagonal element for each row of the stiffness 
matrix after elimination. Therefore, as a diagonal term approaches 
zero, -1/D. goes to infinity and if a diagonal term is negative the 
1 
corresponding -1/D. is positive. 
1 
-1/D. is a 3x3 matrix in Eq. (3.54A) and it is the negative 
1 
reciprocal of an algebraic expression, i.e., 
D. = C. + (AA.B. 2 + BB.)B. l + AA.C. 2 1 1 1 1- 1 1- 1 1- (3.55) 
1n which Ei is replaced by its equivalent as in Eq. (3.54B) 
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The problem of instability in this case can be investigated by 
examining the diagonal of the D. matrix (a 3x3 matrix). If zero or 
1 
a negative number appears on the diagonal of D., it shows that the 
1 
beam column has become unstable. Depending on where the zero or 
negative term appears, one can determine the direction of instability. 
For example, if D. (1,1) 
1 
is zero or negative it means that the 
beam column buckles in the x direction (or about the y axis), either 
in pure flexural buck ling or in flexural torsional buck ling. If y 
0 
is equal to zero, there is no coupling effect between torsional 
buckling and flexural buckling about the y axis, therefore the 
buck ling is pure flexura 1. However, if x is equal to zero and y 
0 0 
is not equal to zero, th.ere is a coupling effect between torsional 
buckling and flexural buckling about the y axis which causes flexural 
torsional buckling. D. (1,1) being zero or negative in this case, 
1 
indicates that the beam column is weaker about the y axis than in 
torsion. Similar discussions are valid for D. (2,2), and D. (3,3). 
1 1 
Now, if x and y are both non-zero, the beam column will 
0 0 
buckle in flexural torsional buckling and this buckling is a combina-
tion of all three modes of buckling, x, y and O. Depending on which 
one of the diagonal terms of D. appears zero or negative term, the 
1 
beam column is the weakest about that axis. For example, D. (2,2) 
1 
pertains to bending about the x axis. 
It needs to be emphasized that axial load is the only applied 
load that appears on the stiffness matrix and can cause elastic insta-
bility in an otherwise stable structure. 
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CONCLUSION 
This method can treat any beam column with general load and 
support configuration. It can calculate the deflections in the x and 
y direction and rotation about the z axis. It can also predict the 
elastic buckling load. 
The advantage of this technique is that it is self starting and 
the boundary conditions of the differential equations are automati-
cally input into the solution through the description of the beam 
column. The computation of the constants starts from the left end and 
proceed to the right and then deflections are calculated at the right 
end and moving to the left end. 
technique. 
Figure 7 summarizes this solution 
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-2 O m rn+2 ~---------------------------------------. 
I ~' ----------------------------
- 3 -1 m+l m+3 
Eq. 1.15' Eq. 1. 21, Eq. 1. 35, Eq. 1. 36' 
Start ~ 
-
. 
1. 37' Eq. 1. 41, Eq. 1.42A, Eq . l.42B Eq. 
'. 
End 
- w. = A + B. w.+l + D. w.+2 
-~ ]. i ]. ]. ]. ]. 
-
Figure 7 Two pass recursive method in three dimensional beam column 
CHAPTER IV 
COMPARING WITH OTHER ANALYTICAL TECHNIQUES 
The computer model is checked by comparing the results obtained 
from the program with data obtained by other investigators and classi-
cal analytical techniques. 
Basic examples which demonstrate various components of the 
program's capability are presented below. The detailed output for the 
examples are in Appendix (C). It should be noted that increased 
accuracy results from using a higher number of stations. 
1. CONCENTRATED MOMENTS 
Figure 8 shows a beam in which two moments are applied at the 
left end of the beam about the x and y axes. The moments of intertia 
are constant throughout the beam about both axes and the beam is 
divided into eight increments. 
Deflections at station 2 and 4 are computed by the Conjugate 
Beam Method and compared with the ones obtained from the computer 
program, i.e., 
Computer Program Conjugate Method 
x2 = .0140 in. x2 = • 0140 in • 
Y4 = .0160 in. Y4 = .0160 in. 
The results are exactly the same in this example. 
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2. THREE CONCENTRATED LOADS 
A beam, 160 inches long, is loaded with three concentrated loads 
in the y direction as in Figure 9. The moment of inertia about the x 
axis 
. 2k in. • 
is constant throughout the member and EI 
x 
8 is equal to • 3xl0 
Deflections obtained from the computer program for station 2 
and 4 are compared with the ones obtained from Conjugate Beam Method, 
i.e. , 
Computer Program Conjugate Method 
Y2 = .098667 in. Y2 = .096000 in. 
Y4 = .138667 in. Y4 = .135111 in. 
The computer results are approximately 2. 7% higher than the 
exact values. By increasing the number of stations the computer 
results become closer to the exact values. 
3. APPLIED TORQUES 
Two torques, 20 ft.k and 5 ft.k, are applied to a member 14 ft. 
long with circular cross sections (Figure 10). The rotations obtained 
from the program are compared with the ones determined by tors ion 
equation (If= (TL)/(GJ) ). The results are identical. 
The computer program does not have the option to input the 
external torques about the z axis directly. Therefore, two new state-
ments are added to the subroutine MAINl in the computer program to 
account for the two external torques. Coefficients GG at station 9 
and 14 need to be redefined. It should be emphasized that the real 
stations 9 and 14 become computer stations 13 and 18. The two terms 
GG (3,13) and GG (3,18) are redefined as follows: 
M =100."k 
x 
M =300 "k y • 
y 
x 
( 
0 1 2 
0 1 2 
I . 
EI =.1ox108 in. 2k 
x 
3 4 5 6 7 8 
8 
. 2k EI =.30xl0 in. y 
3 4 5 6 7 8 
1=160. in. _, 
Figure 8 Simple beam with concentrated moments 
20. k 20. k 20. k 
0 1 2 3 4 5 6 7 8 
I . 1=160 in. 
. I 
Figure 9 Simple beam with three point loads 
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z 
z 
z 
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GG (3,13) = GG (3,13) + h3T z 
GG (3,13) = GG (3,13) + (12. in.) 3 ·(20.xl2. in.k) 
GG (3, 13) GG (3,13) 414,720. 4 k = + i.n. 
and 
GG (3,18) = GG (3,18) + h3T 
z 
GG (3,18) = GG (3,18) + (12. in) 3·c-5.xl2. in.k) 
GG (3,18) GG (3,18) 103,680. 4 k = in. 
See appendix C for the proper location of GG (3,13) and GG (3,18) in 
subroutine MAINl. 
Rotations about the z axis obtained from the computer program 
and torsion equations for station 9 and 14 are: 
Computer Output 
jl9 = 0.06437087 Rad. 
fl14 = 0.05245034 Rad. 
Torsion Equation 
}19 = .06437086 Rad. 
}114 = .05245033 Rad. 
The example problems presented below illustrate the technique 
for finding the flexura 1, torsional and flexural torsional buck ling 
loads. The critical loads interpreted from the computer outputs are 
compared with the ones calculated by Euler's equation and equations 
given by Chajes, Fang and Winter (2). 
4. FLEXURAL BUCKLING ABOUT X AXIS 
A column, 160 inches long, is divided into eighty increments 
and loaded axially. The buckling load obtained from the program is 
checked against the one calculated from Euler's equation. 
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20. 'k 5. 'k 
l~ ~~l ~~~ ~~1L~1ki~ 
1
4 
1=14.0 ft. • I 
EI =.377xl0 k 
x 6 2 
El =.377xl0 ink 
y 6 2 
GJ=.302xl0 in k 
Figure 10 Applied Torques 
20 
.1 k 
1=160. in. ~ 40 8 2 EI =.lxlO in k x 
60 
80 x 
Figure 11 Flexural Buckling about the x axis 
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A small lateral load is applied in the y direction at the mid-
height of the column, (station 40) as in Figure 11. This load is 
needed to input into the solution a non-zero P The axial load is 
increased until the instability is observed in the deflections. The 
critical load interpreted from the computer runs is 3751.6 kips. The 
critical load from Euler's equation is: 
2EI 2 8 . 2 I\ x 3.14 (.lxlO ) in. k p = = x L2 (160. . )2 in. 
Px = 3855. k 
The computer result is about 97.4% of Euler's buckling load. 
5. FLEXURAL BUCKLING ABOUT THE Y AXIS 
The member of example 4 is investigated for the critical load 
about the y axis. A small lateral load is applied in the y direction 
at the mid height of the column (Figure 12). Axial load is increased 
until instability is observed. 
The critical load interpreted from the computer model is 
approximately 1126.5 kips, and the Euler buckling load is 
2EI 2 8 . 2 ft ~ 3.14 (.3xl0 ) in. k p = = y L2 (160. . )2 in. 
Py = 11566. k 
The result from the computer program is approximately 97 .4% of the 
exact answer. 
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6. TORSIONAL BUCKLING 
The member of example 4 is tested for torsional buckling 
(Figure 13). The column is free to warp and the shear center 
coincides with the center of gravity (x =o. 
0 
and y =O.) • 
0 
The 
torsional buckling is independent of the flexural buckling because the 
centroid and the shear center are at the same point. 
The column is divided into eight increments and a small torque 
(.0008 in.k) is applied at station 4 to cause the torsion. Then axial 
load is increased until the rotational instability is observed. 
The following statement is added to the subroutine MAINl to 
account for the applied external torque, i.e., 
GG (3,8) = GG (3,8) + h3Tz 
GG (3,8) = GG (3,8) + (20. in.)3•(.0008 in. k) 
GG (3,8) = GG (3,8) + 6.4 in.4 k 
The torsional buckling load obtained from the computer program 
is 60. k and the one computed from the torsional buckling equation 
presented by Chajes (1) is: 
= ! (GJ l"\.2ET pd 2 + --2) 
'I' r L 
0 
I + I 
r2 = ( x y) + x2 + 2 
o A o yo 
8 8 
r2 = [(.lxlO + .3xl0 )·.!_] = 66 •67 in. 
o .3xl0 5 20 
.4xl04 in; k 
66.7 in; 
= 60. k 
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20 
.1 k 8 . 2k EI =.3xl0 in 
1=160. in. 40 y 
60 
80 
- x 
tP 
Figure 12 Flexural Buckling about y axis 
tz 
-tP 0 
1 
2 
El =.10xl08 in2k 
x 8 2 
EI =.30xl0 ink 
y 4 2 
GJ=.40xl0 in k 
3 00=0. 
1=160. in. 
T 4 08=0. 
5 T=.0008 in k 
6 A=20. in
2 
7 
8 .. x 
tP 
Figure 13 Torsional Buckling about z axis 
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The two results from the program and the equation are identical. 
7. FLEXURAL TORSIONAL BUCKLING 
Flexural torsional buckling is illustrated in this example by 
investigating the buckling load of a 32 inch long, 3"x3"xl/4" angle. 
The resistance to warping for the angle sections is practically zero 
and y 
0
, the distance from the shear center to center of gravity in 
the y direction, is zero for equal leg angles (Figure 14). There are 
two types of buckling for this member; bending about the y axis (flex-
ural buckling) and a combination of bending about the x axis and 
torsion about the z axis (flexural torsional buckling). 
The member is divided into eight increments and a small distur-
bing torque ( .0008 in.k) is applied at station 4 to initiate the 
flexural torsional buckling. The following statement is added to sub-
routine MAINl for the applied external torque, 
GG (3,8) = GG (3,8) + 6.4 in.4k 
The axial load is increased until the deflections in the y 
direction and rotations about the z axis change signs. The critical 
load predicted by the computer program is approximatly 104.1 k. This 
result is compared with the flexural buck ling load calculated by the 
equation presented by Chajes, Fang and Winter (2), i.e., 
where 
GJ P; = ~-2 = Torsional buckling load 
ro 
1=32.in. 
p 
1 
2 
6 
7 
p 
.. y 
*0 =0 =O 
0 8 E=.3xl0
5 ksi 5 EI =.594xl0 
A=.144 in. 
x 5 
EI =.lSOxlO 
x
0
=1.19 in. 
y 3 
GJ=.360xl0 
Figure 14 Flexural Torsional Buckling of 3"x3"xl/4" angle 
!~7 
. 2k in 
. 2k in 
. 2k in 
p 
x 
2 
Flexural buckling load about x axis 
x 
0 
K = 1 - 2 
r 
0 
x0 = Distance from shear center to center of gravity 
2 
r 
0 
= 
I 
0 
A = Polar radius of gyration 
2 I = (I + I ) + x A = Polar moment of intertia 
0 x y 0 
A = Cross sectional area 
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The critical load calculated by this equation is 104.23 k which 
is very close to the one predicted by the computer program. 
The flexural buckling load about the y axis ( P = n. 2 EI I L2 ) y y 
is approximately 144.57 k which is larger than the flexural torsional 
buckling load and does not govern. 
It should be noted that a small lateral load in the y direction 
can be applied instead of the applied external torque in order to 
cause the member to buckle in the flexural torsional buckling. 
The above examples show that the results predicted by the 
computer program are the same as those obtained by other techniques. 
CHAPTER V 
EXPANSION POSSIBILITIES 
The elastic beam column solution that is presented may be 
extended to take into account some other conditions as follows: 
SPECIFIED SLOPES AND FIXED END CONDITIONS 
Slopes can be specified by proper adjustments of the coeffi-
cients A, B and C in Eq. (3.41). The fixed conditions can be treated 
by specifying zero slopes. Matlock (10) presents a solution for this 
in one dimensional beam columns. 
SPECIFIED EXTERNAL TORQUES 
A beam column may be subjected to an external torque about the 
z axis. This external torque appears in Eq. (3.24), i.e., 
dM + m (dz) + t (dz) + (q dz)x - (q dz)y = 0 
z z z y 0 x 0 
Where t is external torque about the z axis (in F.L/L) and it 
z 
appears in the GG Matrix, i.e., 
GG (1,3) = 
in which 
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This is arrived at in a similar manner as used in Eq. (3.24) through 
Eq. ( 3. 35). 
The torque is specified at station l. (ht ) z in the computer 
input. Therefore, the specified torque is only needed to be multi-
plied by h3 , i.e., 
where ts· is the specified torque at station i (in F.L). 
1 
SPRING SUPPORTS 
Springs may be attached to the beam column along its length. 
There can be five types of springs, three spiral springs with rota-
tional restraints (R ' R y' and R ) about the three axes x, y and x z 
z and two coil springs with translational restraints (K and K ) 
x y 
in the x and y direction (Figures 15, 16 and 17). 
An inf intesimal increment of beam column, dz, is considered and 
the three major differential equations are derived with springs 
included. Consider the element dz in Figure 15, and take moment about 
Point A. The following equation results: 
M - (M + dM ) + t (dz) + V (dz) + R dz(.5!L:_) + P(dy) + 
x x x x y x dz (5. 1) 
2 dz2 
q (~) - K (y' )- = 0 y 2 y 2 
Neglecting higher order differentials and dividing Eq. (5.1) by dz 
gives: 
dM 
x 
-- = dz v y + t x 
+ R .5!L:_ + p~ 
x dz dz (5.2) 
qy f f f f t f f f f f J f f f f f f f f f t 
r--
dY M 
- tx-tx-
i 
y 
I . 
z .....___ ____ _ 
Figure 15 Inf intesimal beam column increment in the yz plane 
with springs attached 
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, 
y 
J_ 
52 
in which y and y' are respectively the displacements of the center of 
gravity and point N where springs are attached. y and y' are equal to: 
y=v-x' 
0 
y' = v - (xo - hx)f (5.3) 
See Appendix D. Taking the derivative of Eq. (5.2) with respect to z 
and substituting y and y' gives: 
d2M dV 
x _J_ + d T + R [dv _ (x 
dz2 = dz dz x x dz o 
h )d~] + P(dv _ x d') 
x dz dz o dz 
Now consider the equilibrium of the forces in the y direction: 
V - (V + dV ) + q dz - K y'dz = 0 y y y y y 
or 
dV 
_J_ = q - K [v - (x - h )jf] dz y y o x 
dV 
replacing ;rf in Eq. (5.4) gives: 
d2M 
__ x = q - K [v - (x - h )ft] + ddz 
dz2 y y o x 
+ P(dv - x ~) 
dz o dz 
t + R [dv - (x 
x x dz o 
h )d0] 
x dz 
(5.4) 
(5.5A) 
(5.5B) 
(5.6) 
Eq. (5.6) is the differential equation in the yz plane. In a similar 
manner, the differential equation for the xz plane (Figure 16) is 
derived. The result is: 
p 
x 
tf if ff ff ff f tt ff ff ff ft 
Kx 
z 
--1 
I • dz • I 
Figure 16 Inf intesimal beam column increment in the xz plane 
with springs attached 
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d2M 
___:j_ = q - K [u + (y - h )~] + ~ dz2 x x o y dz t + R [du + (y - h )~] y y dz o y dz 
(5.7) 
It should be noted that the displacements of the center of 
gravity and point N in the x direction respectively are: 
x = u + y~ 
x' = u + (y0 - hy)J1 
(See Appendix D) 
( 5.8) 
The third equation is derived by taking the moment about the z 
axis, Figure 17. The two coil springs and the spiral spring in the xy 
plane, R , produce additional moments to the ones shown in Equation 
z 
(3.25A). Therefore, the following equation gives: 
dM 
_z + m + q x - q y - R ri - K [ v - ( x - h ) j{J • ( x - h ) + dz z y o x o -E' y o x o x 
K [u + (y - h )d]•(y - h ) = 0 
x 0 y ~ 0 y (5.9) 
in which K [v-(x - h >fl and K [u+(y - h )j{] are the forces in the coil y 0 x x 0 y 
springs, and (x -h ) and (y -h ) are the lever arms. M and m are the 
0 x 0 y z z 
same as in Chapter III, Computer Model. 
It should be emphasized that the unit of the spring constants 
K and K are in force per length per unit length of the beam 
x y 
column increment and the unit of spring constants R , R and R 
x y z 
are in force per radian per unit length of the increment dz. 
The three equations (5.6), (5.7) and (5.9) are the differential 
equations of the beam column with springs attached. 
y 
-f·G_. __ _ 
S.C. 
Figure 17 Cross section of the beam column with 
springs attached (xy plane) 
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x 
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Q - DELTA EFFECT 
A member that is loaded transversely and bent about its major 
axis may buckle laterally if the compression flange is not laterally 
supported. The compression flange, which acts like a column on an 
elastic foundation, becomes unstable and tends to bend sideways at the 
critical Q load. As a result of this a torque is produced about the z 
axis due to Q(-u1+u) (Figure 18a). The quantity u1 is the deflec-
tion of the centroid at the free end of the beam as shown in Figure 
18b and u is the deflection at any cross section mn as in Figure 18c. 
Modifying the presented analysis technique to include Q - ~effect 
would allow the calculation of the lateral torsional buckling 
component of deflection. 
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(c) 
Figure 18 a) Q-~effect in a cantilever beam with concentrated load 
at the free end. b) Displacement of the cross section. 
c) Top view of the deflected beam. 
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APPENDIX A 
FLOW DIAGRAM - SUBROUTINE MAINl 
c START ) 
Zero variables and Arrays 
(ZEROER)* 
', 
Read member properties: 
Loading and support configuration 
(INPUT) 
', 
Calculate coefficients AA, 
BB, CC, DD, EE AND GG's 
(STUFF2) 
', 
Calculate A, B and C 
(CAL.ABC) 
Do 120 
'I 
*Names of FORTRAN SUBROUTINES are indicated by ( ). 
Reset A, B and C 
to account for specified 
displacements 
Calculate displacements 
and rotations 
(CALW) 
Do 200 
Print displacements 
and rotations 
(PRINTW) 
STOP 
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FLOW DIAGRAM - SUBROUTINE ZEROER 
START 
Zero all the variables 
and arrays 
RETURN 
62 
FLOW DIAGRAM - SUBROUTINE INPUT 
START 
Read: Problem title, M, H 
Read member properties: 
EI , EI , A, GJ, Kand E 
x y 
Does a number greater 
than M appear in the 
input for station number? 
No 
Read: x , y , location of 
0 0 
springs, and axial loads 
63 
Yes 
Go To 210 
t 
Read: Applied lateral loads, 
applied moments and spring constants 
Save input data 
(DATASV) 
,,. 
Go To 200 
Read specified displacements 
and rotations 
Does a number greater 
than M appear in the 
input for station number? 
Yes 
RETURN 
64 
No 
Go To 220 
FLOW DIAGRAM - SUBROUTINE DATASV 
START 
Save member properties, 
spring constants, spring 
locations and applied loads 
RETURN 
65 
FLOW DIAGRAM - SUBROUTINE STUFF2 
START 
II* = 2 
Calculate constants for stations II, II+l, 
and II+2 and designate them respectively 
Const (1), Const (2) and Const (3) 
(CONST) 
Do 1010 
II= 4 
I* = 3 
*II and I are computer stations 
66 
Calculate arrays AA, BB, 
CC, DD, EE and GG 
for station I Eq. (3.37) 
Is I equal 
to (M+S )? 
No 
Set the values for Const (1) equal 
to values for Const (2) and set 
the values for Const (2) equal 
to the ones for Const (3) 
II=II+l 
Calculate constants for station 
II and designate them Const (3) 
(CONST) 
I == I+l 
Go To 1015 
67 
RETURN 
FLOW DIAGRAM - SUBROUTINE CONST 
START 
Calculate the individual terms 
which are in arrays AA, BB, CC, 
DD, EE and GG (Eq. 3.37) for 
station i, Ref. Equations 
(3.16), (3.22) and (3.35) 
RETURN 
FLOW DIAGRAM - SUBROUTINE CALABC 
START 
Calculate the coefficients A, B and 
C in Equations (3.42A) and (3.42B) 
RETURN 
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FLOW DIAGRAM - SUBROUTINE CALW 
START 
Calculate displacements 
and rotations Eq. (3.41) 
RETURN 
FLOW DIAGRAM - PRINTW 
START 
Print displacements 
and rotations 
RETURN 
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MATRIX MANIPULATING SUBROUTINES 
SUBROUTINE FUNCTION 
PLUCKl •••••••••••••• lsolates a lx3 matrix from a 3xn array 
PLUCK3 •••••••••••••• lsolates a 3x3 matrix from a 3xn array 
MCHSGl •••••••••••••• Changes sign of a lx3 matrix 
MCHSG3 •••••••••••••• Changes sign of a 3x3 matrix 
MADDl ••••••••••••••• Adds two lx3 matrices 
MADD3 ••••••••••••••• Adds two 3x3 matrices 
MMULTl •••••••••••••• Multiplies a 3x3 matrix by a lx3 matrix 
MMULT3 •••••••••••••• Multiplies two 3x3 matrices 
MPUTl ••••••••••••••• Puts a lx3 matrix in a 3xn array 
MPUT3 ••••••••••••••• Puts a 3x3 matrix in a 3xn array 
MINV3 ••••••••••••••• lnverts a 3x3 matrix 
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APPENDIX B 
BEAM COLUMN PROGRAM 
The beam column is divided into m equal size increments. The 
number of a particular increment is referred to as the station number 
of the increment. 
The beam column program can handle transverse loads in the x 
and y direction, applied moments about the x and y axes and applied 
axial loads as shown in Figure 19. The loads and moments shown in 
Figure 19 are positive. 
tension force. 
The axial load will be positive if it is 
In the program, loads and external moments are treated as con-
centrated loads and moments. Therefore, the contribution of the loads 
and moments of each increment to its adjacent stations are input into 
the program. The data input is presented in the following pages. 
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DATA INPUT 
Note: Numbers at left indicate card columns. 
A. Title of Problem 
FORMAT (80H ) 
1-80 Problem Title 
B. Control Data 
FORMAT (2IS,7El0.3) 
1-5 Number of beam column increments (M). 
11-20 Increment length (H). 
c. Data Added through Specified Intervals 
I. FORMAT (2I5,7El0.3) 
1-5 Station 
5-10 Through 
11-20 Flexural stiffness about x axis (Elx) 
21-30 Flexural stiffness about y axis (Ely) 
31-40 Area of the cross section (A) 
41-50 Torsional stiffness (GJ) 
51-60 Warping stiffness (K = ECw) 
61-70 Modulus of Elasticity (E) 
II. FORMAT (215,7El0.3) 
11-20 Distance from shear center to center of gravity in 
the x direction (x0 ) 
21-30 Distance from shear center to center of gravity in 
the y direction (y0 ) 
31-40* Distance from center of gravity to Point N in the x 
direction (Hx, See Figure 17) 
74 
41-50* Distance from center of gravity to Point N in the y 
direction (Hy, See Figure 17) 
51-60 Axial load through the center of gravity (P). 
III. FORMAT (2I5,7El0.3) 
11-20 
21-30 
31-40 
41-50 
Transverse load in the x direction through center of 
gravity (Qx) 
Transverse load in the y direction through center of 
gravity (Qy) 
Applied moment about x axis (Mx) 
Applied moment about y axis (My) 
51-60* Stiffness of transverse spring in the x direction 
<1<x> 
61-70* Stiffness of transverse spring in the y direction 
(Ky) 
71-80* Stiffness of rotational spring about z axis 
D. Control Card 
FORMAT (2I5,7El0.7) 
1-5 N, greater than M, indicates the end of the data for 
the sectional properties of the beam column. 
E. Specified Deflections 
FORMAT (I5,4x,Al,El0.3) 
1-5 Station 
10 Direction of deflection (x, y or R) 
11-20 Specified deflection 
F. Control Card 
1-5 N, greater than M, indicates the end of the data for 
the specified deflections. 
*Not presently implemented 
APPENDIX C 
COMPUTER PROGRAM DOCUMENTATION 
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APPENDIX D 
DEFLECTION OF THE CROSS SECTION 
As the member buckles in flexural torsional buckling, the cross 
section undergoes translations u and v in the X and Y directions, 
respectively and a rotation ~ about the Z axis. As the result of the 
rotation, each point of the cross section translates different amounts 
than u and v in the X and Y direction. 
Shear center by definition is a point in the cross section 
through which a lateral load must pass to produce bending without 
twisting. Therefore, the cross section rotates about the shear center 
if a pure torque is applied to the cross section. In this discussion, 
the shear center is taken as the origin and X and Y axes are assumed 
to coincide with the principal axes of the section. Z is assumed 
along the longitudinal axis through the shear center. During the 
translation, point 0 of Figure 20, the shear center, moves to O' and 
point C, the center of gravity, moves to C'. The final position of C 
is C" as the cross section rotates about the shear center, O'. 
The shear center deflects u and v amount in the X and Y direc-
tion. The deflect ions of the center of gravity is u+Y ; and v-X ~ 
0 0 
in the X and Y direction. The proof of this follows: 
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c I J CENTER OF GRAVITY I ) _______ ~ _____________ J 
01 • Xo 
SHEAR CENTER 
, I x 
Figure 20 Displacement of the center of gravity 
Xcc' = u (Distance from C to C' in X direction) 
Xcc" = u - DB (Distance from C to C" in X direction) 
DB = DF - AG 
DF = X0 
DB = X0 - AG 
AG = R Sin(J - /J) (Triangle O'AG) 
or 
AG = R SinJ Cos; - R Cos 6 Sin; 
~ is small angle, therefore assume Cos~ = 1 and Sin,0 = 0 
AG = R Sinl - (R CosJ)j1 
R Sin-'5 = X0 and R Cos•= Y0 
AG = X0 - Y0 f1 
DB = Xo - (X0 - Yo/J) = Ye) 
Xcc' = ~ - yoJ{ 
(Triangle O'DE) 
Yee' = v (Distance from C to C' in the Y direction) 
Yee' = v + AB (Distance from C to C" in the Y direction) 
AB = AH - BH 
BH = Y0 
AB = AH - Y0 
AH = R Sin(o( + ~) (Triangle O'AC) 
AH = R Sino<. Cos,0 + R Cos~ Sin.ff 
~ is small angle, therefore, assume Cos~ = 1 and Sin~ = 0 
AC = R Sin°"-+ (R Cos )j1 
R Sino<.= Yo and R Cos~= X0 (Triangle O'DE) 
147 
AB = (Yo + X~) - Yo = xo11 
Yee" = v + xJ 
148 
As the beam deflects any point on the cross section which has X 
and Y coordinates, with respect to the shear center, translates u - Y~ 
and v + Y$ in the X and Y direction. This can be shown in the same 
manner as it was presented for the center of gravity. 
